The effect of the various design factors on the production rate in a parallel line is discussed by a Markov model and the difference of the effect between parallel lines and series lines is represented. A simple and effective scale is proposed to evaluate the availability of a parallel line and the production rate of a parallel line is approximately estimated by the scale and the relation between the production rates and the buffer capacities in a series line.
Introduction
One of the difficult problems for industrial engineers is the design of production lines. When the line is for high volume products, the engineers must estimate particularly the obtainable maximum production rate. Therefore the effects of ~arious design factors on the rate must be considered.
Many papers have been published concerning such problems by Hunt [5] , Hillier & Boling [3] , [4] and others [1] , [2] , [6] , but most of them discuss only about series lines and there remained many unsolved problems about parallel lines which are designed for line balancing or increasing the production rate.
In this paper we shall consider the fundamental effects of design factors in parallel lines and provide better insight into designing parallel lines.
First the effects of buffer capacity and number of stations in each stage on the production rate are discussed and the effectiveness of parallel lines is represented especially by an imaginary buffer capacity. This imaginary capacity is introduced to compare the availability of parallel line with that of series line and to show the effectiveness of parallel lines in a simple form. Secondly the effect of unbalanced operation times on the production rate is discussed. It is very difficult to design a perfect balanced line and an unbalanced line is designed in several cases. From this viewpoint, it 226 
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The Behavior of Factors in a Parallel Production 227 is inevitable to study this effect. We shall find out the optimal assignment of the mean operation time which yields the maximum production rate and the range of unbalance which yields the rate as high as or higher than the rate of a balanced line. Thus we educe if the bowl phenomina represented in the series line by Hillier & Boling [3] is also preserved in parallel lines.
Model and Formulation
The parallel line to be studied here consists of the buffer storages holding in-process works temporarily and thE! stages with some stations to operate the work practically, as shown in Assume that there is always a supply of works ready to be operated at the first stage and there is an infinite buffer capacity just behind the last stage, so that idling due to lack of input works is never occurred in the first stage and blocking is never occurred in the last stage because of eject- In these notations, the affixed number to B and I denotes the stage number.
The total number N of the states of the system is
In a three-stage production line, the state probabilities of the system are represented in the same way as follows;
In these notations the variables or constants after "I" denote the numbers of Consider the steady state probability equations. These equations are given by the above state probabilities and the transition matrix. In a twostage production line, they are
Normalizing, so all state probabilities sum to one, gives the actual probabilities, and as a result the production rate Rp of the parallel line and the mean number Lq of in-process works in the buffer are represented by (2.4)
<P
In a three-stage production line, the steady state probability equations are given in the same way. However there are numerous states and it is very difficult to solve the actual probabilities and the rate Rp in a general form. In this paper their numerical values are calculated by Gaussian Elimination Method to apply to the following study.
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3. The Effect of Buffer Storages
In a two-stage production line
We discuss what effects the buffer capac:ity and the number of stations have on the production rate and demonstrate the availability of paralleling.
This availability and the effectiveness of paralleling are shown by the imaginary buffer capacity which is introduced to c:ompare the parallel line with the original series line.
Consider the parallel line which is desi.gned by paralleling S of the series lines. When each of them has the buffer capacity Ms, this parallel line is defined by Si=S and Mj=SM s , and the production rate Rp is from (2.4)
where
The values of the mean production rate per station Rp/S for various S and Ms are given in Table 3 .1, where the values for S=l represent the production rates of the original series lines.
On the other hand, the production rate Rs of the series line is presented by Hunt [5] as follows; Therefore the increase Mp/S of the production rate by paralleling is represented by the difference between the mean production rate per station Rp/ Sand the production rate Rs of the original series line, and it is for the balanced line, i.e. A1=A2,
Let us introduce the imaginary buffer capacity MI in order to evaluate the effectiveness of paralleling. The imaginary capacity is the capacity which is required to yield the same production rate RplS in the original series line, and by substituting Rpl8 to Hunt's equation we have 1 Rp/S -1..1
M = Log<jJ
Log R /S -1..2 -:3
. ,
_l_-Lo i=O
'l-.
(<jJ = 1).
These imaginary buffer eapacities are calculated for various Ms and S, and are represented in Table 3 .2.
Now we discuss the important results presented by the above equations.
The most important one is that we can expect the increase of the production rate by paralleling. This is demonstrated by (3.2), since ~p /S is always positive for S~2. . ,
S2
82
This equation is given by substitution of <P = Ar/A2 = 8 2 / SI into (2.4). And the imaginary buffer capacity MI is from the above equation and Hunt's equation 
S2. i=O S2
-2 ] + Ml •
In this case the imaginary buffer capcity is the capacity which is required to yield the above production rate in the corresponding balanced series line with the same operation rate SlAl.
These equations show that Rp for the balanced parallel line with unequal numbers of stations in each stage is always higher than the production rate for the corresponding series line. This is demonstrated by the fact that the term in square brackets in (4.1) is always larger than Ml + J if S1 + S2 ~3.
And these equations show that Rp is proportional to the operation rate of the stage like the series line and is independent of the operation rate of the station in each stage. The effect of the number of stations on the production rate is appeared by the imaginary buffer capacity. First MI is the symmetrical and monotone increasing function with respect to SI and S2. Therefore the change of the stages has no effect on the production rate and the increase of the numbers of stations always increases the production rate. This suggests us that installing the higher productive machines may decrease the production rate because it decreases the number of stations. Second MI is the function of the numbers of stations and the buffer capacity, and is estimated by the sum between the buffer capacity Ml and the imaginary capacity for Ml = O. This figure appears that the effect of unbalanced operation times is the same with the effect in the series line, i.e. the mean operation times of the stations in each stage a l and a 2 have the symmetrical effect on the production rate and the rate is maximized when the line is balanced. This symmetrical effect is also demonstrated directly from (3.1). Furthermore it is appeared that the decrease of the production rate Rp / S by unbalancing is promoted as S and Ms increase. This indicates that as S and Ms increase the effect of idling and blocking by the variation of the operation time is reduced and the production rate is importantly affected by the slowest mean operation time.
Therefore, if S and Ms are large, the unbalanced assignment must be avoided in the parallel line.
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In a three-stage production line
The effect of unbalanced operation times is remarkably appeared in a three-stage parallel line. In this case we study it under the condition that Si = s, Mj = SMa and a1 + a2 + a3 = constant 0
237
The various representative results for a1 + a2 + a3=3.0 are shown in Fig.s S.2'V 4. In these figures the production rates Rp / S for the unbalanced line are represented by the ratios to the rate for the balanced line and the mean operation times to be assigned to the stations in stage i and j are represented by ai and ajo Fig. 5.2 shows the relation between the stage where the minimum operation time is assigned and the production rate, and appears where the minimum operation time should be assigned to yield the maximum production rate. In this case the production rate Rp/S are also presented in Table 5 .1. These results demonstrate that the unbalanced parallel line can yield the higher production rate than the rate of the balanced parallel line and that the maximum rate is obtained by assigning a little smaller mean operation time to the stations in the middle stage of the line than to the stations on the both ends. Consequently there is some range of unba1ance which can yield the production rate as high as or higher than the rate of the balanced line and there is flexibility in assigning the total operation time. In other words the unbalanced line instead of the balanced line may be designed in the above range of unba1ance if balancing is very difficult. As shown in Table 5 .1 the effect of the mean operation times a1 and a3 is as follows. These mean times a1 and a3 have not the symmetrical effect on the production rate RplS unlike the series line presented by Hillier & Bo1ing [3] and have a little different ef·-fect, but this difference is very small so that we can consider that a1 and <13 have almost the symmetrical effect on Rp/S. The effect of the buffer capacity Ms and the numbE!r of stations S is that as Ms or S increases the maximum production rate by unba1ancing approaches the rate of the balanced line and the range of unba1ance which can yield the rate no less than the rate of the ba1·-anced line is narrowed. And the production rate sharply decreases as the un·-balance increases. Therefore the availability of unba1ancing can not be ob- 
Conclusion
We have discussed the effects of various design factors in the parallel lines by a Markov model. The important conclusion is that the production rate in the parallel lines is estimated by the imaginary buffer capacity and the production rate of the series lines and that the bowl phenomina represented in the series line is preserved in the parallel line too.
However there remained many unsolved problems for the large scale parallel lines and the network lines. These problems are important for the industrial engineers and will be a subject for near future research.
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